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Abstract 

In this paper we solve the problem of analytic classification of plane curves singularities with two 
branches by presenting their normal forms. This is accomplished by means of a new analytic invariant 
that relates vectors in the tangent space to the orbits under analytic equivalence in a given equisingularity 
class to Kahler differentials on the curve. 

1 Introduction 

Let (/) : / = be the germ of a reduced plane analytic curve, that is, the curve associated to 
a reduced element / in C{X, Y}, the ring of convergent power series in two variables over the 
complex numbers. Mather's contact equivalence asserts that / and g are equivalent, writing 
(/) ~ (<?)) if an d only if there exist E Aut(C{X, Y}) and a unit u in C{X, Y} such that 
$(/) = ug. 

The aim of this work is to initiate the analytic classification of germs of reducible (but 
reduced) plane curves, that is, the classification for Mather's contact equivalence. The irreducible 
case was solved by the first two authors in |HH] and our results here concern curves with two 
components. 

From now on, we will assume that / has two irreducible components f\ and f2- Each branch 
(fi) admits a parametrization fa: (C, 0) — > (C 2 ,0). We will use coordinates t\ and £2 on (C,0) 
(one for each fa) and coordinates x, y on (C 2 , 0) (the same for both). Now, because each branch is 
invariant by changes of coordinates in the source of the fa , and the curve is analytically invariant 
by any automorphim of (C 2 ,0) (the same automorphism for both branches), we easily conclude 
that contact equivalence for curves (/) is translated into ^.-equivalence on the associated bigerms 
(f> = [fa,(f)2\, i.e., changes of analytic coordinates in the source and in the target. The space of 
bigerms will be denoted by B. 
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The ^4-equivalence in B is induced by the action of the group A = Aut(C{t\}) x Aut(C{t2}) x 
Aut(C{X,Y}), as follows: 

(pi,P2,cr) ■ (j) = [a o fa o pi\aa fa o/)^ 1 ]. 

Our analysis will be splitted into two cases, namely, whether the two components of (/) have 
distinct tangents (the transversal case) or equal tangents. In what follows, we will denote by wig 
the multiplicity of fi, i = 1,2. 

Case 1) Distinct tangents. In this case, by .4-equi valence, we may assume that the tangent of 
the first component is (Y) and of the second one is (X), so that 

fa = (x(ti),y(U)), where ordf 1 x(ti) < ordf 1 y(ti) and ord t2 x(t 2 ) > ord t2 y(t 2 ). 

Case 2) Same tangent. In this case, by .A-equivalence, we may assume that the common tangent 
is (Y), in which case, fa = (xfc), y(U)) with ord ti x(ti) < oxd ti y{U), i = 1,2. 

To describe the elements of A that preserve the tangent cone of the bigerm, it is convenient 
to introduce the subgroup H of A of homotheties: 

U = {(pi,p 2 ,cr) £ A; j x pi = aiU, j x a = (ax, by), ai,a,b £ C*, i = 1,2}, 

where j k £ is the k-th jet of any n-tuple £ of power series. 

Now, the elements of A we are looking for are the compositions hog, where h € H and g 
belongs to the classical group Ai, if we are in Case (1) or g belongs to Ai, if we are in Case (2), 
where 

M = {(pi,P2,°) G A; j l pi = U, i = 1,2, jV = (x + by,y), b € C}. 

Notice that the group A\ is the subgroup of elements of ^.i with b = 0. 

The strategy we use for our classification is to first analyze the action of Ai, or Ai, on the 
elements of B, according they belong, respectively, to Case (1) or to Case (2) and then to take 
into account the homotheties. 

To find distinguished representatives in each case, under the action of the corresponding 
group, we will use the Complete Transversal Theorem (cf. [BKPj ). 

The Complete Transversal Theorem (CTT). Let G be a Lie group acting on an affine 
space A with underlying vector space V and let W be a subspace of V . Suppose that v € V is 
such that TG(v + w) = TG(v), Vw6 W , where the notation TG(z) means the tangent space at 
z of the orbit G(z), as vector subspace of V . IfWc TG(v), then G(v + w) = G(v), V w € W. 

We denote by B k the vector space of /c-jets of elements of B and by G k the Lie group of 
fc-jets of elements of G, where G is one of the groups A\ or A\. 

We will show, in the next proposition, that the hypothesis of CTT holds for an element 
j k <p £ B k which is a bigerm as in Case (2), where (j) £ B, and for W = H^, the subspace of 
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homogeneous elements of degree k of B such that the two components, as a bigerm, of the 
elements in j k <p + H\ have all same multiplicity and same tangent, that is, 

Hl= {[a l t k 1 ,b l t k 1 ),(a 2 t k 2 ,b 2 t k 2 )} eB k ; a, = b t = 0, if k < m„ i = 1, 2} . 

We describe below the elements of the tangent spaces to the orbit of j k <p in <B under the 
actions of the groups A k and A\: 

/ IMiei +^i(<Ai),0i 2 ei +%(0l)), (02ie2 + m(02),^22e2 + ^(02))] , (1) 

where 0, = (^1, ^2) the (') sign means derivative with respect to the corresponding parameter, 
€i G (ti) 2 C{ti}, i = l,2,j|26 (x,y) 2 C{x,y} and 

a) 771 G (x, y) 2 C{x, y}, in the A k case, or 

b) 7/1 G (x 2 , y)C{:E, y}, in the A\ case. 

The case of A k is classically known (cf. |Gij ) and the other one can be computed in a similar 
way. 

Lemma 1. If 4> £ B k as in case (2), (pi,p 2 , c) G Jl^, with j 1 a = (x + by, y), and if) G H^, then 

j k p 2 , a) ■ (4> + 1/,)] = j k [( Pl , p 2 , a) ■</>]+ if, + 6, 
where 6 = \(bcit k ,0), (bc 2 t k ,0)), with b,ci,c 2 € C, depending only upon if). 

The proof is straightforward, following easily from the definitions. 
Proposition 2. If (f> £ B k as in case (2) and tp E H^, then 

TA k (<P + iP)=TA k M. 

Proof: Recall that TA k (ip) of an element if, £ B k is given by the image of the differential at 
the identity / of the map : A k -> A k (tp), ^^{g) = g - tp. 

Therefore, any vector in TA±(if)) is of the form (<E>^ o A)'(0), where A : (—a, a) — > A\, X(u) = 
(piu, P2u, o~u) is a curve in A\ such that A(0) = /. Notice that since \(u) E A k , then j l o~ u = 
(x + b(u)y,y). 

As a consequence of the above discussion, and from the previous lemma, we have that 
(WWO) = Urn AM ■ ^ + 39 - A( °> ■ + 3Q = Urn A '"» ■* + * + *<"> - » ~ * 

= (^oA)'(O) + /m^ = (^oA)'(0) + 0'(O), 

where 0(it) = [(b(u)at\ , 0), (6(u)c 2 t|, 0)] , with 6(0) = and 0(0) = 0, since A(0) = I. 

Taking in the description of the tangent spaces to the orbits in B k under the ^-action, rji = 
and €i(ti) = ^§^t k ~ mi+1 , i = 1,2, one may easily check that 0'(O) G T^(0 + ^) n TA k (<p), 

Vif,eH k ■ 
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Notice that our proof may be, without any extra effort, extended to multigerms, and contains 
as an immediate corollary the result for the ^-action (just take b = 0). Remark also that the 
result may be used to make substantial simplifications in the arguments in Section 5 of |HH| . 

At this point it will be convenient to unify the notation for both actions Ai and A\. We 
define „4[1] = Ai and A[2] = Ai, which we condense in the notation A[S], 5 = 1,2. Notice 
that if <j> and ip are A k [5] equivalent, then H k = H k . Observe also that if <p G B is in Case (5) 
(6 = 1,2), then (f> + tp is also in Case (5), for all tp € 

2 Normal Forms 

Given an element (f> S B, we are looking for elements tp E such that j k (4> + ip) = j k ~ 1 4> 
and (j) + ip is A k [5] equivalent to (f). So that in this way we will be able to eliminate terms of 
order k in eft without changing neither its k — 1 jet nor its equivalence class. From the CTT it 
is sufficient to verify when an element ip € belongs to the tangent space to the orbit of <p 
under the action of the group „4 fe [c)]. Similarly, as in the proof of Proposition 2 we get that 

[K,0), ((5 - 1)64 (2 - S)b%)] G H k n TA k [S\(<t>), a, b e C. 

With the above considerations, we have that any bigerm is ^4-equivalent to a bigerm <p = 
[4>x,4>2] in Puiseux form, that is, 4>\ = (i™\X^> mi a liA) an d 
Case 1) Distinct tangents: fa = (X^>m 2 ^i^^ 2 ); 
Case 2) Same tangent: 4> 2 = {t™ 2 ,Y.i>m 2 a 2«4)- 

The pair m = (mi, 1TL2) will be referred to as the multiplicity of the bigerm (j>. 

In order to get more refined parametrizations for a bigerm we have to impose some restriction 
on it. This is done by fixing analytic invariants. 

As a first invariant we consider the semigroup of values 

r = {1/(77) : = (yi (v) > ^2(77)) ; v e c{x,y}} , 

where fj(r?) = ordt^r] o 0j), % = 1,2. This invariant characterizes completely the topological 
type of the curve as an immersed germ at the origin of the plane (cf . |W| or |Gaj ) . Two curves 
having same T invariant are called equisingular. 

Fixing the semigroup of values, which determines the intersection index of the two branches 
of the curve, we are fixing the contact order of their parametrizations. This will imply the coin- 
cidence of the coefficients of the Puiseux expansions of the branches up to the order of contact 
minus 1. On the other hand, since T has a conductor (01,02), we may eliminate analytically all 
terms in both parametrizations with order greater than c — 1, where c = max{ci,C2}, without 
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affecting the preceding terms (cf. |Ga] ) . This tells us that we have simultaneous finite determi- 
nacy of both parametrizations and gives us a finite dimensional space of parameters for a 
complete set of analytic representatives in the equisingularity class determined by T. 

With the semigroup T, we get only a rough normal form for bigerms. In order to refine this 
normal form, we will use the finer analytic invariant 

A = {v(u>) := (fi(w), 1^2 (ijj)) ; (jj G C{x, y}dx + C{x, y}dy} , 

where for u) = r\\dx + rj2dy with rji G C{x, y}, i = 1,2, we define 

Uiiu)) := ord u uj((pi) + 1 = ord u (in(4>iWn + m(<f>i)<j>i2) + 1- 

The fact that A is an analytic invariant is clear since by its definition it is independent from 
reparametrizations of the branches and change of coordinates in C 2 . From the definition it also 
follows that r\ {(0,0)} C A. 

It is easy to check that the set A has the following properties: 

A) If (01,02), (61,62) G A, are such that a\ < b\ and 02 > 62, then (01,62) G A. 

B) If (01,02), (01,62) G A, then there exists (a, min{o2, 62}) G A with a > a\. The same is true 
reversing the roles of the axes. 

This is sufficient to guarantee that A behaves combinatorially as T, except that it is not a 
semigroup. In A there is a finite subset M of points (&i, £2), called the maximal points of A, 
contained in the rectangle with sides parallel to the axes and opposite vertexes the origin of N 2 
and the conductor (ci, C2) of T, such that i*i(&i, k 2 ) = -^2(^1, A^) = 0, where for (01, 02) £ N 2 , 

Fi(ai,a 2 ) = {(61,62) G A; Oj = b h bj > aj, i ^ j}, 

and respectively called the vertical and the horizontal fibers of (01,02). 

In particular, the set A is determined by the sets of values of differentials Ai,A2 of the 
branches of the curve and the maximal points of A (cf. |Gaj or [D], in the case of the set T). 

This implies that there are finitely many possibilities for sets of values of differentials A for 
each equisingularity class of curves. 

There is a tight connection between the tangent space to the orbit of a bigerm <fi under the 
action of the group A[5] and the set 

A[5] = - m; uj G Q[5]} cA-m, 

where m = (mi, m 2 ) is the multiplicity of the bigerm <p and 

Q[S\ = { m dx + {p{5 - l)y + m )dy; m , m G (z, y) 2 C{x, y}, f3 G C}. 

The same argument used for A shows that the set A[5] is an invariant with respect to 
the action of the group A[S]. For each fixed semigroup of values T there exist finitely many 
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possibilities for A [5]. The finite dimensional space that parametrizes the bigerms in Puiseux 
form with fixed T and A[5] will be denoted by £r,A[<5]> which we will identify with the set of the 
bigerms that they determine. 

Proposition 3. Let <p = [<j>\,<j)2\ G ^r,A[<5] with 6 = 1,2. Given hi G C{ti}, i = 1,2, we have 
that [(0,/ii), (-1) 5 ((2 - 5)h 2 , {5 - l)h 2 )] G TA k [5}(4)) if and only if there exists uj G 0[<5] such 
that h i =j k ^f= T . 

Proof: If [(0,/ii),(-l) 5 ((2 - S)h 2 , (6 - l)h 2 )] G TA k [5](cb), then from © there exist e* G 
(i 2 )C{^}, i = 1, 2, 77, r/2 G (x, y) 2 C{x, y}, r/i = /3(5 -l)y + r) with /3 G C such that 

= 0' n ■ ei + % (<f)i) mod t k+1 , 

hi = 4>\2 ' £ i + ^(^l) mod if 4 " 1 , 

(2 - 5){-l) s h 2 = <j)' 21 ■ e 2 + 7/1 (0 2 ) mod and 

(<5 - l)(-l) 5 /i 2 = 022 • £2 + r/ 2 (0 2 ) mod t k+1 , 

that is, i fc £l = -j k ^^ and j fc e 2 = if 5 = 1 or /e 2 = -j fc!Z #^ if 5 = 2. So, 

P11 V22 ^21 

hi = ^iMi z^iMg mod ^1 and ^ = ^ 2 (0 2 )02i zg^gMa mod £4-1. 

Defining w = 7/2dx — mdy G f2[5], we have that hi = j k ^"f _i , i = 1, 2. 

Conversely, given uj = g 2 dx+gidy G fl[5] where 51 = l)y + /i with h, g 2 G (x, y) 2 C{x, y} 
and /3 G C, consider m = -gum = g 2 ,e 1 = G (t l ) 2 C{t 1 },e 2 = --^^ if 5 = 1 or 

mitj m2t 2 

e 2 = gl( l 2 li if <5 = 2. So, from (P), we have that [(0,/ii),(-l) 5 ((2-5)/ l2 ,(-5-l)/i 2 )] G TA k [5](<j)), 

m,2t 2 z 

where h i =j k ^^= T ,i = 1,2. ■ 



In the sequel we will need the notions of fibers -Fj and the set M of maximal points of the sets 
A[<5], which are defined in a similar way as for A. We will also use the notation k = (k, k) G N 2 . 

Corollary 4. Let <fi = [01,02] G Sr,A[<5] anc ^ A; G N. 

(a) Ifk>m x then F^k) + if and only if [(0,ij), (0,0)] G T„4 fe [<5](0); 

(b) Ifk>m 2 then F 2 {k) ^ % if and only if [(0, 0), (-1) <5 ((2 - 5)4, {5 - l)t k )] G TA k [5]{<p); 

( c ) If k£ M then there exist a, b G C*, s-uc/t i/iai 

[(0, atf), (-1) 5 ((2 - 5)bt k , (5 - l)bt k )} G TA k [8M. 

Proof: We have that (71, 72) G A [5] if and only if there exists uj G f2[<5] such that ord^ m'-i = 
7j. This, in turn, is equivalent, from the preceding result, to 

[(0, M, ("l) <5 ((2 - S)h 2 , (5 - l)h 2 )} G TA k [5](<t>), (2) 
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where hi = j k 

m i t i 

Now, suppose that k > mi. Then iq(fc) 7^ if and only if there exists (k, 7) G A [5] with 
7 > fc. The last condition, from ([2]), is equivalent to the condition [(0, t k ), (0, 0)] G T^l fe [5] (<fi), 
proving in this way (a). The proof of (6) is analogous. 

Now, if k G M, then from © we have that [(0, at\), (-l) <5 ((2-<5)^, (5-l)bt%)] G [5] (</>). 



The next result will give us the normal forms of bigerms under the action of the group A[S). 

Proposition 5. Let <p = [^1 , ^2] G Sr,A[(5]* V Fi(k) 7^ and k > rrn for some i G {1,2} 
(respectively k G M), then there exists <p = [^1,(^2] G £r,A[S] such that <p is A[5]- equivalent to cp 
with j k ~ x p = j k ~ 1 4> an d j k( fi = j k ~ l< Pi (respectively j k p\ = j k ~ 1 4>i or j k p2 = j k ~ 1 4'2)- 

Proof: From Corollary H(a) , if i^i (fc) ^ and k > mi, then [(0, t\), (0, 0)] G H k [5]nTA k [5}{(/)). 
It follows from CTT that j fc_1 is A k [S] -equivalent to [j k 4>\, j k ~ 1 (f)2\ and therefore there exists <p 
which is A[S] -equivalent to <j> such that j k pi = j k ~ 1 (f)i and j k_1 ip = j k ~ 1 (j). The case i^Qt) 7^ 
and fc > 7712 is analogous. 

If fe G M, then F\(k) = ^(fc) = and, from Corollary Hfc), the element given by 
[(0,dotf), (-1) <5 ((2 - (5)^1, (<5 - l)6dt|)] with well determined a, 6 G C* and arbitrary d G C 
belongs to H k [S] C\TA k [5] (eft). Choosing d conveniently, it follows, as we argued before, that there 
exists a bigerm <p which is A [5] -equivalent to (j) such that j k ~ 1 ip = j k ~ x 4> with j k (fi = J^ -1 ^ or 
j <P2 = j k ~ l( i>2 according to the choice of d. ■ 



Since there are two different choices to be made in this process when k is in M, given (j) = 
[0lj 4>2] G £r,A[<5] an( i G M we will choose an A [5] -equivalent ip to cp such that j k ~ l <p = ] k ~ x 4> 
and j k <p\ = j k ~ l 4>i- In this way, we have the following description of the normal forms for 
bigerms in Eryyffl : 

Theorem 6. („4[<5]-NORMAL form) A bigerm cp = [0i , ^2] G £r,A[<5] * s always A[S]- equivalent 
to a ip = [p>i, P2] such that 

( \ 

\ 



<P1 



ijLM 



^2 



^2 00=0 



m-2 
2 



if 6=1 



(3) 



j.m 2 
L 2 ' 



Y a 2jt 
F 2 (j)=9 



if 5 = 2. 



Now, we will prove the uniqueness of the .4[<5]-normal form, by arguments similar to those 
used in [HHj . 
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The set 

N = {if e Sr,A[<$]; <P as given in (J3])} 

is an open set in some affine space of finite dimension. Denoting by N k the space j k (N), we 
have the following lemma: 

Lemma 7. If <j) = [</>i,<fe] G iV, then for all k > min{mi,m2}, we have 

N k n{j k <f> + TA k [6}(j k <f>)} = {j k <t>}. 
Proof: Suppose the assertion not true. Take k minimal with the following property: 

N k n{j k ^ + TA k [S](j k ^)}^{j k ^}. 

So, there exists ip G N k (~){j k (fr+TA k [5}(j k (f>)} such that ip / j V and = because 

k is minimal. Therefore, there exist b±, h% G C with 61 7^ or 62 7^ such that 

ip -/^ = [(0,6itf), ((2 - «y)M* (5 - 1)63**)] G 2Vl fc [5](/0)- 

If -Fj(fc) 7^ for some % = 1,2, then we have a contradiction, since tp,j k 4> € iV fc are given 
as in ([3]). So, we have € M. But since ip,j k <p € iV fc we have 61 = 0, then 62 7^ 0. In this 
way, V - j k <f> = [(0, 0), ((2 - 5)M 2 > (<* ~ ^M*)] G r ^ fc [^](i fc 0), and ^2® # which is again a 
contradiction. ■ 



Now we conclude the proof of the uniqueness of the .4, [<5] -normal forms. 

Let <j) = [</>i,</>2] G S r A [5]- Observe that our bigerms are finitely determined up to order c 
(as defined at the beginning of this section), that is, 4> is „4[<5]-equivalent to j c (p. We have to 
prove that N c n A c [5\{f(p) = {j c <p}. Suppose that p G iV c n A c [5){f(p), with <^ / j c </>. Since 
.4 c [<5](j c 0) is arcwise connected, there exists an arc in A c [5](j c cp) joining j c cf) to tp. Since the 
reduction process to the normal form is continuous, it follows that j c (f> is not an isolated point 
in N c n A c [5](j c cp). This is a contradiction because of Lemma 7. ■ 



Since the .4-action on bigerms is the composition of the A [5] -action with homotheties, the 
^4-action on the ^4[5]-normal forms reduces to the action of the group of homotheties. 

3 Homothety Action 



We will consider initially the case of bigerms with transversal components. 
In this case, we may write 



in-2 
2 



3=31 



3=32 



s 



In order to preserve the above form, we have to consider the following particular homotheties: 

i 

(Pl,p2, c) € H with cr(x,y) = (aix, a 2 y) and pife) = apti, on 6C*,i = 1,2. 
In this way get 



(PuP2,<r) 



C 1 ' E a i miQ! 2aij*i , E a 2 m2 "ia2i4' ^ 

3=31 ) \3=32 

In this situation, with a convenient choice of ot\ and «2 we may reduce two any non-zero 
coefficients in the above sums to 1. We will always choose to apply this reduction to the 
coefficients of the terms lower order of <f>i, if they exist. If not, we continue in the same way the 
reduction on the terms of (fi 2 . 

Similarly, when the components of <f> have same tangent, that is, when 



>1,<P2 



t?\j2 a ^i > k 2 ' E«^ 



3=31 



3=32 



we have to consider a(x,y) = (a\x,a 2 y) and Pi(U) = a™Hi with a% S C*, i = 1,2. In this case, 
we get 

/ * _JL \ 
oofao p. l {ti) = t™\ ^ a x mi a 2 aijt\ ,i = 1,2. 

V 3=3* J 

In the same way as above, we may reduce to 1 any two coefficients in the above sums, unless 
both components of and (j> 2 are monomials with m\ = m 2 and j\ = j 2 . In this case, we may 
reduce to 1 only one of the coefficients. 

The above discussion may be summarized in the following theorem: 

Theorem 8. Any <f> € £r,A[<5] * s A-equivalent to one in the following form: 
Distinct tangents case 

/ \ 



a) 



tTA 1 +t\+ E 



\ 



mm 



E ° 2 ^2 > f 

v *iCi)=0 



mo 
2 



b) #).(*?>C) 

c) [(c i ,ti i ),(o,t 2 )" 

d) [(t!,0),(0,t 2 )]. 

Same tangents case 



a') 



\ 



F 1 (j)=0 



C 2 



> E a2 ^' 

F 2 (j)=<H 
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b') l(t?\t{i),(tr,ti 2 )\ withm 1 ^m 2 orn+h; 
c') \{t™\^\(t™\ai%)\, withag{0,l}. 

d') [(t?\t?),(h,o)]- 

Let us remark that two bigerms in the above list with distinct normal forms are not A 
equivalent since their corresponding sets A are not equal. 

In what follows we will describe the homotheties that preserve the above normal forms. Since 

in cases b), c), d), b'), c') and d'), the homotheties act as the identity, we have only to describe 

such homotheties in the remaining cases a) and a'). In these cases a(x,y) = {a mi x,a n y), 

Pi{t\) = Q^ii with a fc ~ J1 = 1 and 
h 

Case a): /^fe) = a'" 2 ^2- In this case, two bigerms with coefficients a^- and bij are %-equivalent 
if and only if 

Ji -3 



aij 



or 



bij, and a<ija m a = & 2 j. 



Case a'): P2(t2) = OL m% ^2- In this case, two bigerms with coefficients and bij are "H-equivalent 
if and only if 

i = 1,2. 



Jl m i~J' n l 

OjjQ m i = b 



1,1 ■ 



4 Final Remarks 

Given any two bigerms <p = [(pi, 02 ] and tp = [ipiifo], to verify if they are ^4-equivalent we may 
proceed as follows: 

1. If semigroup and the semigroups and corresponding to the two possible orders 
of the branches of ip are such that 7^ T^, 7^ T^, then (p and ip are not .A-equivalent. 
If this is not the case, choose the order of the branches of ip to force the equality of the 
semigroups of <fi and ip. 

2. If A^[5] 7^ A^[<5], then the bigerms are not ^4-equivalent. 

3. If A^[<5] = A^[<5], we take representatives for <p and ip in normal form as in Theorem 8. 

4. We verify if one of the homotheties that preserve the normal form transforms <p into ip. In 
such case, the two bigerms are ^-equivalent. 

5. If this is not the case, we have to permutate the branches of one of the bigerms and repeat 
steps [3] and |U 
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To give an explicit example for a pair of bigerms as in step 5 above, consider 

= [(tM),(*2N<4)] and ^ = &i,H = [(tiA),(t?M)}, a,b#{0,lh 

which are in normal form c'). 

So, (f> and tp are ^-equivalent if and only if a = b. On the other hand, if we permutate the 
branches of ip and put it in normal form, we get [^2,^1] = K^™,^), (^lN 7>*i)]- Therefore, <f> and 
ip are .4-equivalent if and only if a = b or a = ^ . This is a generalization of Example 3 of |CDG] . 

In the irreducible case, in each equisingularity class determined by semigroups of the form 
N, (2,j) with j = 1 mod 2, or (3,3 + a) with a = 1,2, all curves are analytically equivalent to 
a monomial curve, that is, for any of these equisingularity classes we have one possible set A, 
namely, A = T \ {0}. 

Using the description of the semigroup, the set of maximal points as described in |Gaj 
and doing some computations with differentials, we get the following table for bigerms with 
transversal components and whose semigroups are as described above. 



(mi,m 2 ) 


Normal Form 


(1,1) 


(*i,0) (0,t 2 ) 


(1,2) 


(*x»*x) (°.*2) i = lmod2 


(1,3) 


(4,t 3 + a ) (0,t 2 ); a = 1,2 
(tl4 +a +4 +2a ) (0,t 2 ); a = 1,2 


(2,2) 


(t?,*f) (4 2 , 4) 3i = 1 mod 3, i = 1, 2 


(2,3) 


(^,i? +Q ) (4,^); a =1,2, i = lmod2 
(i?,t? +Q + i 3+2a ) (ai^i 2 .); a = 1,2, a / 0, j = 1 mod 2 


(3,3) 


(t?,t? +ai ) (t 3 2 +a \4); ai,a 3 = l,2 
(t?,^ +Ql +^ +2ai ) (a^+ a2 ,t|); ai,a 2 = l,2, a^O 
(t?,tf +Q1 +^ +2ai ) (a^ +Q2 +6^ +2a2 ,tl); ai,a 2 = l,2, a, 6 / 



References 

[BKP] Bruce, J.W.; Kirk, N.P. and du Plessis, A. A., Complete Transversals and the classifica- 
tion of singularities. Nonlinearity, 10, N.l, 253-275 (1997). 

[CDG] Campillo, A.; Delgado, F. and Gusein-Zade, S.M., The extended semigroup of a plane 
curve singularity. Proc. of the Steklov Inst. Vol. 221 (in Honour of V.I. Arnold), 149-167, 
(1998). 

[Ga] Garcia, A., Semigroups associated to singular points of plane curves. J. Reine Angew. 
Math. 336, 165-184, (1982) 



11 



[Gi] Gibson, C.G., Singular points of smooth mappings. Research Notes in Mathematics 25, 
Pitman, London. (1979) 

[HH] Hefez, A. and Hernandes, M.E., The analytic classification of plane branches. Bull. London 
Math. Soc. Vol. 43(2), 289-298 (2011). 

[D] Delgado, F., The semigroup of values of a curve singularity with several branches. Manusc. 
Math. 59, 347-374, (1987). 

[W] Waldi, R., Wertehalbguppe und Singularitat einer ebenen algebraischen Kurve, Dissertation, 
Regensburg, (1972). 

Authors Affiliations: 

Abramo Hefez (hefez@mat.uff.br) 

Universidade Federal Fluminense 

Marcelo Escudeiro Hernandes (mehernandes@uem.br) and 
Maria Elenice Rodrigues Hernandes (merhernandes@uem.br) 
Universidade Estadual de Maringa 



12 



